On different ways to quantize Soft-Collinear Effective Theory 
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CoUinear fields in soft collinear efi^ective theory (SCET) can be made invariant under collinear 
gauge transformations by multiplying them with collinear Wilson lines. We discuss how we can 
quantize SCET directly in terms of these gauge invariant fields, allowing to directly calculate S 
matrix elements using the gauge invariant collinear fields. We also show how for each collinear 
direction SCET can be written in terms of fields whose interactions are given by the usual QCD 
Lagrangian, and how external operators coupling these different directions can be constructed. 
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Soft collinear effective theory (SCET) |], |, |, | is 
by now a rather mature effective field theory with wide 
applications in B physics and collider physics. SCET de- 
scribes QCD in the kinematic regime where the energy of 
particles is far in excess of their (invariant) mass. Short 
distance physics is contained in Wilson coefficients which 
are determined order by order in perturbation theory. 
Long distance physics on the other hand is described by 
separate collinear fields for each light-like direction, to- 
gether with Wilson lines Yn describing the usoft physics 
interactions between the different collinear directions. 
Since there are no direct interactions between collinear 
fields in different directions, gauge invariance requires the 
presence of Wilson lines to render collinear fermions and 
gauge bosons gauge invariant. 

There are several equivalent versions of SCET used in 
the literature. The original formulation of SCET |l, |^ 
described the interactions between the gauge dependent 
collinear quark ^„ and gluon An fields, with the leading 
order Lagrangian given by^ 
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with the standard definition of the covariant derivative 
and the field strength tensor 



tDi;; = tdii + , Fr ^ -M, D^] , (2) 

9s 

where the partial derivative 9„ is given in terms of the 
label operator introduced in 



idi^ ^ n-V— +V'l + in-d— . 
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In order to construct gauge invariant operators contain- 
ing collinear fermions, these fermions are required to ap- 
pear in the gauge invariant combination 



(4) 



^ We here omit any reference to gauge-fixing and potential ghost 
terms. We will address the quantization of gauge fields later on. 



where Wn is the collinear Wilson line 
W„ =Pexp 
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Using a simple field redefinition, one can easily obtain 
the collinear Lagrangian in terms of these gauge invariant 
combinations 
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Since the fields %„ are gauge invariant, the combination 
W^D^^Wn has to be gauge invariant as well. Thus, we 
can define g 
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The gauge invariant derivative operator can be writ- 
ten in terms of the partial derivative and a gauge invari- 
ant gluon field B!^ 
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where 



l-d 



= 1 [W,UD^,Wn] , (9) 



and the derivatives only act within the square brackets. 
In terms of these fields, the Lagrangian reads 



^IliXn,Bn) = Xr 
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where we have defined 
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A sample of Feyman rules for the three different formu- 
lations of SCET is shown in Fig. |l]. 

It is well known that the dynamics of SCET with a sin- 
gle collinear direction is identical to full QCD. This is of 
course expected, since one can perform a simple Lorentz 
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FIG. 1: A subset of Feynman rules for the three 
different formulations of SCET. The (...) denote terms 
which do not contribute to the tadpole diagram of 
Fig. ^) in Feynman gauge. 



boost along the direction n to make all momentum com- 
ponents of the coUinear field similar in magnitude. Since 
this eliminates any large ratio of scales, the interactions 
have to be those of full QCD. This implies that for exam- 
ple the wave function rcnormalization in SCET is equiv- 
alent to that of full QCD, as was first shown in 
This equivalence has been used in the literature in order 
to simplify perturbative calculations in SCET {vid., for 
instance, Q). 

It is the purpose of this paper to study the relation- 
ship between different formulations of SCET. We work 
out the relationship between SCET using gauge depen- 
dent and gauge invariant degrees of freedom, as well as 
the relationship between full QCD and coUinear fields in 
a single direction further. One of the features of the orig- 



inal formulation of SCET is that coUinear gluons are cou- 
pled to the quark fields in a non-linear way. This means 
that there are an infinite number of vertices consisting 
of quark- antiquark and an arbitrary number of coUinear 
gluons, whose Feynman rules get increasingly compli- 
cated. This makes the theory particularly unfriendly for 
computations beyond the one-loop order. 

We will show how to quantize SCET directly in terms 
of the gauge invariant degrees of freedom, and write the 
theory as a path integral over these gauge invariant fields. 
We will also discuss how to re-express the theory using 
only the interactions of full QCD. This first gives a precise 
field theoretical understanding of the well known prop- 
erty of SCET that the dynamics in a given coUinear direc- 
tion are equivalent to that of full QCD. Our formulation 
using directly the generating functional will extend this 
result to include interactions between different coUinear 
directions through local operators. One can hope that 
these results will simplify the perturbative calculation 
of matching coefficients in the future, since much of the 
SCET calculations are now identical to the corresponding 
QCD results. 

It will prove instructive, however, to first illustrate this 
equivalence between different formulations of SCET us- 
ing a simple one-loop calculation. Consider the two point 
correlator of two gauge invariant fermion fields 

(0|Tx„(x)x„(y)|0) = {Q\TWl{x)Ux)Uy)Wn{ym . 

(12) 

The Fourier transform of this correlator is what is known 
in the literature as the jet function, and plays a crucial 
role in any process containing external coUinear parti- 
cles. In the original formulation of SCET in terms of ^„ 
and An fields there are four diagrams contributing at one 
loop, which are shown in Fig. g. The first two diagrams 
are entirely built out of interactions contained in the La- 
grangian of the theory, while in the last two diagrams 
one of the gluon couplings comes from the Wilson lines 
Wn or Using the Feynman rules given in Fig. [|, one 
can easily obtain the result 
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Note that the tadpole diagram is canceled exactly against 
the second term in the first diagram. Performing the re- 
maining integrals and summing the diagrams one obtains 



the well known result |^] 
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FIG. 2: Diagrams contributing to the gauge invariant 
jet function at one loop. 



We can repeat this calculation using the formulation of 
I 



SCET in terms of Xn and An fields. This removes the last 
two diagrams of Fig. ||, since there are no Wilson lines in 
the definition of the correlator when written in terms of 
Xn fields. However, the extra Wilson lines in the coUinear 
Lagrangian change the Feynman rules in the way shown 
in Fig. |l|. While this does not change the result for the 
second diagram, the first diagram is now 
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The first two terms reproduce the result for Dj a, and the 
third reproduces Dj c + Dj d- Finally, the fourth term in 
Dji^a vanishes, since it is odd as fc —k. Thus, the sum 
of all diagrams is identical in both versions of the theory. 

Showing that we can reproduce this result using the 
fully gauge invariant x„ and S„ fields is a little more 
tricky. This is because now there are no Wilson lines 
whatsoever, neither in the definition of the correlator nor 
in the Lagrangian of Eq. (|lo|). Thus, it is not immedi- 
ately obvious how the contributions from diagrams Dc 
and Dd are reproduced in this case. However, care has 
to be taken when deriving the gluon propagator. The S„ 
field is by construction explicitly invariant under coUinear 
gauge transformations, and the usual procedure of adding 
an arbitrary gauge-fixing term to the Lagrangian is not 
valid. However, from the definition of in Eq. (H) one 
easily verifies the constraint n-Bn = (see Eqs. ( p9[ ) and 
(^) below). Thus, the propagator of a S„ field has to 
satisfy the condition n^Ag'' — 0. As we will discuss in 
more detail later, the propagator takes the form M, 0] 



tional of the theory 
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Using this propagator for the gauge invariant gluon field 
one can easily verify that 



Diii,a — Dii„ , Diiih ~ Dil i 



(19) 



Thus, the three formulations of SCET give identical re- 
sults to one another for the two point correlator of two 
gauge invariant coUinear fermion fields. 

In order to generalize this discussion to any matrix el- 
ement, we quantize the theory directly in terms of the 
various fields. This is achieved by using the path integral 
formulation, working directly with the generating func- 



where we have defined 



I d^xSli^n,A'^,Jn 



(20) 
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A few comments are in order to understand our notation. 
First, the integration in Eq. (|2^) is over all fields with 
different directions n. Second, the subscripts /, //, /// 
indicate which version of SCET we are using, with La- 
grangians given m Eqs. (0), (|) and (|l^) above. Third, 
we have added separate currents for the gauge invariant 
fields Xn = W^^n and B^ = Btf,{An) = j-}W\iDt^Wnl as 
well as for the gauge dependent fields f„ and An- This 
allows us to calculate correlators with gauge invariant 
fields, such as the jet function, as well as those with gauge 
dependent fields, as is often done in matching calcula- 
tions to QCD. Finally, we have indicated currents Jk for 
any local operator in SCET. Such operators are typically 
written in terms of the gauge invariant fields, and an ex- 
ample would be the production current for two coUinear 
fields in opposite directions, O2 — Xn^Xn- 

In order to obtain the generating functional with the 
Lagrangian written in terms of y„ fields, we make the 
field redefinition given in Eq. (y), which just amounts 
to a change in the integration variable in the generat- 
ing functional. Since W^Wn = 1, one can easily show 
that the integration measure is the same when written in 
terms of the Xn fields 



V^nV^nVAf^ = VXnVXnVA^^ 



(22) 
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Thus, the generating functional can be written as 
Z[J]^ j VxnVxnV Ai^e^^ iJd'^xSii{xn,A'^,J^) 



with 



Sii = 



(23) 

n 

+ Y,JkOk{Xn,BniAr,)). (24) 



In other words, any matrix element written in terms of ^„ 
and An fields is identical to the matrix element written in 
terms of Xn and An fields, as long as the interactions be- 
tween the fields are given by the Lagrangian Cu instead 
of jCi. 

Next, we discuss the relation between the gauge de- 
pendent gluon field An and the gauge invariant field Bn- 
The Yang Mills action is given by 



(25) 



where 



Sym [A]^-Ud^^Y.^T F;iFr ■ (26) 

n 

Recall that the relation between these two fields is given 



by 
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(27) 



where acts only within the square brakets. Since the 
Wilson lines Wn are unitary, the Yang-Mills action can 
be written in terms of the Bti fields as 



Sym[B] = -\jd'x ^Tr^^^r : 



(28) 



where T!^'^ is given in Eq. (pi]). However, in order to 
write the generating functional in terms of the fields S„ 
requires changing the integration measure as well, and 
that is where additional care has to be taken. From the 
definition of the Bn field we can immediately see that 

n-6„ = 0, (29) 

which follows from the well known relation of Wilson lines 



n-DnWn = Wn-n-dn ■ 



(30) 



Thus, while there are four components of the A'^ field, 
there are only three components for the B!^ field, making 
the Jacobian for the change in the integration measure 
singular. 

Of course, the fact that the B^ field has less indepen- 
dent components than the A!^ field is not unexpected. 



given that the former is gauge independent, while the lat- 
ter contains all the gauge redundancy. The only way one 
can obtain a meaningful definition of a Jacobian factor is 
by removing the gauge redundancy and thus considering 
only three of the four components of the field. This 
can be achieved using the usual Faddeev-Popov proce- 
dure, by inserting a representation of unity into the path 
integral (E^) in the following form 



1 



Va{x)5[G{AZ)] det(^^^^ 



(31) 



where G{An) is some gauge-fixing function linear in the 
gauge field. Here a{x) defines a specific gauge transfor- 
mation and A" denotes the (infinitesimally) gauge trans- 
formed field 



{A':r = A':, + -D^,a. 

9s 



(32) 



Note that for infinitesimal gauge transformations (from 
which all finite transformations can be constructed), the 
determinant of 6G/5a is in general a function of {Al^}" 
but independent of a. 

Following the standard treatment, the gauge invari- 
ance of both the action and the integration measure al- 
lows one to write 



Zym = / / S[G{An)] EaiAn] 



where we have defined 



^gK] =det ( 



fSGiA") 



Sa 



[An 



(33) 



(34) 



One should remember that the determinant det{SG/da) 
is independent of a and therefore the integral over the 
gauge freedom is just a global factor that can be safely 
ignored. The important feature of this way of writ- 
ing the path integral is that the integration measure 
VA^n 5[G{An)] contains only three components of the Al^ 
field, and can thus be related to the integration measure 
of the field. This allows us to formally write 



VAi^JiGiAn)] = JG[Bn]VB^J[n-Bn 



(35) 



where the Jacobian factor for the change of the integra- 
tion measure Jq [Bn] depends on the choice of the gauge- 
fixing condition G. Combining these results together we 
find 

Zym = JvB';; S[n-Bn] JG[Bn] EG[AniBn)] . (36) 

Everything in this generating functional is known, ex- 
cept for the explicit form of the Jacobian Jq [Bn] and the 
determinant inside EG[An{Bn)]- Due to the non-linear 
nature of Eq. (|2^) , their expressions for a general gauge- 
fixing condition G are very difficult to derive. However, 
from the Faddeev-Popov procedure it is obvious that the 
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generating functional is identical for all choices of the 
gauge-fixing condition G, since it was introduced as an 
arbitrary function in Eq. (31). Thus, any choice of G(A„) 
will do, and the easiest choice is light-cone gauge, which 
uses 



G(A„) =GLc(^n) =".A, 



(37) 



In this case, we have n-An = 0, which immediately implies 
Wn = 1, making the relation between the A'^ and 
fields trivial: 



Thus, in this particular gauge we find 



(38) 



det(n-a)e*^™[^"l , (39) 



and we obtain the final form of the generating fuctional 
in terms of B!^ fields as 



Zym = j VBi;, 6[n-Bn] det{n-d) e 



(40) 



In other words, the Yang-Mills action in terms of the 
gauge invariant gluon field is identical to the one in 
terms of the field A!^ in the light-cone gauge. There- 
fore, all Feynman rules for the fields are identical to 
Feynman rules for the Al^ fields in the light-cone gauge. 
In particular, this justifies Eq. ( p^ ) as the right form of 
the gluon propagator for the Z?^ fields. Incidentally, no- 
tice also that the determinant in Eq. (^) is independent 
of the gauge field and therefore can be ignored, meaning 
that the formulation with B!^ fields is ghost-free. This ob- 
viously complies with the well known fact that the light- 
cone gauge is unitary and ghost fields decouple (see, for 
instance, (l^). 

Having worked out how one can quantize SCET di- 
rectly in terms of the gauge invariant degrees of freedom, 
we next ask whether it is possible to write the generating 
functional of SCET in terms of fields, whose interactions 
are given by the interactions of full QCD. As we will 
show, this is indeed possible if we restrict ourselves to 
leading order in the power counting, but requires sepa- 
rate fields for each different coUinear direction. We will 
also show how to construct external operators coupling 
these different fields to one another, such that any leading 
order correlation function in SCET can be reproduced us- 
ing only fields whose coupling to other fields is described 
by the Lagrangian of full QCD. We do want to empha- 
size that this by no means implies that SCET as an ef- 
fective theory is useless. The power of SCET comes from 
understanding the interactions between fields in differ- 
ent directions, and while we can reproduce any leading 
order operator using fields that resemble full QCD, we 
can neither easily implement power corrections, nor can 
we derive the form of the leading order operators with- 
out the construction of SCET. However, we can use this 
equivalence to calculate matrix elements in SCET using 



the familiar Feynman rules of QCD, which will in gen- 
eral simplify the required calculations at higher orders in 
perturbation theory. 

We start by making the Ansatz 



Z[J] = / ViJ^Vi^nVAf^e^p 



i / d'^xSQCD{'ipn,An,J) 



(41) 

where Sqcb is defined by 

n 

+i^nMlJ^ + J^^A^, + J^^S^:(A„)] 

+ ^JkQk{^Jn,Ar,), (42) 



with 



(43) 



The set of operators Qk couple k fields in different direc- 
tions TT-i, ...^nk- Our goal is to find expressions for 7W„ 
and Qk, such that the generating functional in Eq. (|4l| ) 
is equivalent to the generating functional of SCET. 

Let's begin by setting all currents in the action to zero, 
leaving only the Lagrangian C'^''^^ ■ One can write 

Mx)^{Pn+Pn)Mx), (44) 

with the projection operators P„ and Pn defined by 



Pn = — 
4 

and define 

This allows us to write 



(f)n = Pfilpn ■ 



(45) 



(46) 



Z[J = 0] 



VS,nVS,nV4>nV(l)nVA'^ 



(47) 



xexp 



^ijd'^X {in + (j}n)ipiin + </-«) 



Using the well-known formula for Gaussian integration, 



DtfiVcj) exp 



i d^x{(f>M(f> + J(l) + (f>J) 



det{—iM) exp 



i d xJ — J 

M 



(48) 



it is straightforward to perform the integrals over 0„ ex- 
plicitly. We find 



Z[J = 0] = / V^nV^nVA'^^exp 



zjd^xj2cf: 



SCET 



(49) 
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where 



SCET 



in 



in-D + ip±_ 



1 



in-D 



-An 



(50) 



Note that in getting to Eqs. (^) and ( pO|) no expansion 
has been made, only integration of modes in the generat- 
ing functional. Also note that in Eq. (^) we have omitted 
the determinant factor in Eq. (^8|). Indeed it is easy to 
show that 



where we have defined t]'^ = W^'qn- Thus the determi- 
nant is just an overall constant and can be ignored. 

We can now move on and consider the addition of cur- 
rent terms in the action. Keeping the currents J„A^„ 
and MnJn for the fields V'n and but still neglect- 
ing the currents Jk for the local operators Qk , and again 
performing the integrals over ^„ and ^„ gives 



det [ -n-D ] = / Vrj^Vrin exp 



d xrjn [ -n-D ?/„ 



I Vvl^Vvl^ exp -1 d^xfl^ (twln-DW^ 



det ( -n-d ] , 



(51) 



Z[Jk = 0] = / V^nVCnVAi^^ exp 



with 



SCET 



{Jk = 0) 



(52) 
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- {JiMi + J^Ml) ^1 {MiJi + MIJ^) . (53) 



Here we have defined 



Tin 



1 



in-D ^ 2 



(54) 



In order for this action to be equal to the action of 
SCET given in Eq. (pi]) (still with Jfe = 0), requires 



(55) 



in addition to having the second line in Eq. (p^), cor- 
responding to contact terms arising when taking two 
derivatives of the generating functional with respect to 
the currents Jn^^ vanish. There are two possible solu- 
tions for each of the M.%_ and to satisfy Eq. (55), 
namely 



Mi 
Mi 



p 



While both of these solutions for A4„ give the same an- 
swer, the second choice is in practice much easier to 
use. This is because choosing = TZ~^ in Eq. (^) 
adds couplings between fermions and gluons to the cur- 
rent terms, complicating perturbativc calculations sig- 
nificantly. Furthermore, for the second solution the sec- 
ond line in Eq. (|5^) vanishes as desired. Therefore, for 
Mi = Pn and — W^Pn we obtain for Jk = the de- 
sired result S'SCET ^ where Si is defined in Eq. 

Finally, we add the currents for the local operators Qk 
back to the action. Since these operators couple fields 



with different n's to one another, integrating out the (f>n 
fields is very complicated. However, there is a simple 
choice for the operators Qk that will directly reproduce 
the form J^k JkOk present in the final answer, Eq. (|2l]). 
This is achieved by taking 

Sfe(^„, AO = Ok{WlPn^n,Bn{An)) , (57) 

with Pn defined in Eq. (^Sf). Since P„'0n = Cm ttiis choice 
eliminates any dependence on (f>n in Qk- Thus, the inte- 
grals over (pn can be performed as before and we therefore 
find 



Qk{i^n,An)^Ok{Wl^n,Bn{An)). 



(58) 



In conclusion, the generating functional in terms of 
QCD fields 



(56) Z[J]= / V^nV^nVA^^e^p 



i d'^xSQCB{lpn,An,J) 



(59) 



with S'qcd defined by 

^QCD = ['^"''° + ^nPniM + ^„Pfi4 + J^W^Pn^Pn 



+{PnPnWnJ^ + J^^A^n + Jn^^^n 
+ J2jkOk(W^Pni^n,BniAn)), 



(60) 



is identical to the generating functional defined in 
Eqs. (|^) and in terms of SCET fields. This proves 
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that the coUinear sector of SCET is equivalent to a the- 
ory containing multiple copies of QCD, where the only 
interactions between them are contained in the local op- 
erators Ok.. 

So far we have only considered the coUinear sector of 
SCET, but of course it is well known that usoft degrees 
of freedom are required in order to reproduce the long 
distance dynamics of QCD. On the other hand, it is also 
well known that at leading order in the effective theory 
the interactions between usoft and coUinear particles can 
be removed to all orders in perturbation theory by using 
the field redefinition H 



where 



y„ = P exp 



ig I ds n-A{ns -|- x) 





(61) 



(62) 



Thus, we can include the interactions with the usoft glu- 
ons by making a similar field redefinition on the fields 
^n- This implies that the action given in Eq. (^2|), but 
now with 



gn-Aus-^ 



(63) 



reproduces both the coUinear and usoft interactions of 
the coUinear fields. 

In conclusion, we have shown how SCET can be quan- 
tized either in terms of gauge dependent or gauge invari- 
ant fields. In practice, most calculations in the litera- 
ture are performed using the gauge dependent degrees 
of freedom, whereas the external operators have to de- 
pend on the gauge invariant fields. Using our results, 
one can perform the calculations directly in terms of the 
gauge invariant fields, reducing the number of Feynman 
diagrams significantly. We have then moved on to show 
how the coUinear sector of SCET is equivalent to a the- 
ory constructed out of multiple decoupled copies of full 
QCD, in the sense that each copy describes the interac- 
tions of fields in a given direction and the different copies 
do not interact with one another. We have also shown 
in detail how to construct the local operators describing 
precisely the interactions between the different copies of 
QCD, such that any SCET correlator at leading order 
can be reproduced. 
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APPENDIX: DIAGRAMMATIC PROOF OF THE 
EQUIVALENCE OF QCD AND SCET WITH ONE 
COLLINEAR DIRECTION 



In the main body of this paper we have shown that any 
coUinear SCET diagram can be obtained using a gener- 
ating functional in which the interactions between the 
fields are equivalent to full QCD, but the external cur- 
rents are modified to contain projection operators. This 
relation was first discussed in 1^ and used in Q to cal- 
culate jet functions in SCET. In this appendix we want 
to prove this identity diagrammatically for the correlator 
containing two coUinear fcrmions and N coUinear gluons. 

We will accomplish this by working out in both theories 
the Feynman diagrams for N gluons coupled to a fermion 
line, from which the correlator can be constructed. Using 
this result we will then show that both of these calcula- 
tions lead to equivalent answers. Note that there are N\ 
possible color structures, and for each of them the QCD 
result has to equal the SCET result. We begin by showing 
this equivalence for the color structure T""^ T°'^ . . . , 
and then discuss how the result can be modified to in- 
clude the other color structures as well. 

Define Q(^) and S^^"> to be the QCD and SCET cor- 
relators for this color structure in momentum space, mul- 
tiplied by a factor of for each internal propagator and 
with the factor g^ removed. This gives 



N 



(64) 
(65) 



fe=i 



The first equation follows simply from the QCD Feynman 
rules, while the SCET equation is a recurrence formula, 
that takes into account all the possibilities of having k 
out of the N gluons being emitted from a single vertex. 
Lfe is therefore the Feynman rule for A:-gluon emissions 
from a single vertex, multiplied by a factor of YiiPf/ds 
to account for the removal of the factors pf and gg, as 
discussed above: 



Lk^ = lin-pN) ^-^p 14 : 



(66) 



with 
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Vk 



i{-9) n 



n-pN-k+i ■ ■ -n-pN-i 2 



n-pN~kn-pN 



n-pN 



(67) 



i PN-kl± 

n-PN~k 



We will show the equivalence Q'-^' = S"*-^^ by indue- 
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tion. For = it is straightforward: 

Q(°) =P„j^oPn = |n-Po, (68) 
5(0) = tup, = Q(«) . (69) 

Next, we assume that the statement Q = S holds for 
0, 1, ... TV - 1 to show that this leads to Q(^' ^ S^^\ 
This implies 

QW^^g(Ar-fc)^^^ (70) 
fc=l 

To prove Eq. (|7^) we rewrite the general QCD correlator 
Q(^) by pushing the projection operator P„ in Eq. (^) 
through the f>n and 7^", to obtain 

. I ^ ^ 4";-+! , (71) 

where 

2m,2N+l _ / -, yi + ---+i2m-(H l-2m) , , 

'^n.--i2m ^ \ ' '1 ' ' ' i2™ 

X {nj-^rij^nj^ . . . 'T-j2JV-2m^j2JV + l-2m) ■ i'^'^) 

Here C[ denotes the binomial coefRcient for I choose k, 
and we have used a shorthand notation in which fij cor- 
responds to n-p for even j and to n'^ for odd j and ac- 
cordingly ±j corresponds to for even j, while 7',^ for 
odd j. 

We would like to comment on how we obtained this 
result. Expanding each 7 matrix on the right hand side 

of the Eq. (||) according to 7" = n"^ + + 75; will 
result in terms with fixed number < N± < 2N + 1 



of 7j_'s, together with {2N -|- 1 — N±) of ^ or fl. Since 
the ^ and terms have to alternate, and the projection 
operator forces the first and last term to be ^ , Nj_ has 
to be an even number. 

As a next step, we work out the sum on the right hand 
side of Eq. ( [70| ) . Note that the term Lk contains factors of 

in the numerators, while there are no such terms on the 
left hand side of Eq. (|7^). However, both Q(^-'=) and 
contain terms with ^ ± , which can lead to p\ ~ p^ ^npfip. 
After a straightforward, but lengthy calculation, one can 
show that 

r~>2m 

N J. ^ <-'2N + l 

eq^""'^^^-|e e (73) 

k=l m=0 1 = 1 

Thus, both sides of Eq. ( |70| ) are equal and we have thus 
shown that Q(^) = S'(^) for all values of N. 

So far we have only dealt with the term with color 
structure T^^ . . . T"™ . Keeping the general color struc- 
ture allows us to write 

JV! 

o^^^-EC^.^«^""---^"""' (74) 

1=1 

^^"^^-ECLt^"^---^^""- (75) 

1=1 

What we have shown so far is that Q^^'' — '^1^'' n- 
However, it is clear that the proof goes through for any 
color permutation, with obvious replacements to account 
for the different orderings of the gluons. Finally, notice 
that triple or quartic gluon vertices do not change the 
result, since they are the same in QCD and SCET. This 
completes the proof. 
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